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1. Introduction. The problem of determining the lowest frequency of vibration of a tube containing flowing fluid has recently received considerable attention. Long [l] 1 has considered the tube as a beam and has calculated the frequencies for various end conditions by a power series method. He has pointed out that care must be taken in evaluating the resulting high order determinants to avoid erroneous results. Niordson [2] has given a very elegant treatment of the problem based on shell theory and has derived the beam equation as one approximation. Furthermore, for the case of simply supported ends, he has given closed analytic solutions for two limiting cases of the parameters and numerical results for other values. It is the purpose of this note to show that it is possible to determine the nature of the frequencies for the various end conditions used by Long for two ranges of the flow velocity solely from the structure of the differential equation without determining specific solutions.
Long has written the differential equation governing the deflection of the beam in the following non-dimensional form:
where F is the deflection and u the flow velocity (both in non-dimensional terms). Roman numerals denote differentiation with respect to x (0 ^ x ^ 1) and D is the eigenvalue found by removing the time dependent term exp (iDt) from the original partial differential equation. The boundary conditions considered are Both ends simply supported: F(0) = F"(0) = F( 1) = F"( 1) = 0, Both ends fixed: 2. Small flow velocities. The behavior of the frequencies for small velocities of flow can be determined by the usual perturbation technique [3] . It should be observed that the differential equation (1) and boundary conditions specified do not form a selfadjoint problem; however, such will be the case for u = 0.
Consider expansions of the form
If these are inserted in Eq. (1) and the coefficients of each power of u equated to zero, the following equations for the first three terms result:
Both sides of Eq. (3) are now multiplied by F0 and the resulting expression is integrated from 0 to 1. If this equation is now integrated by parts and account taken of the boundary conditions, it is found that for all cases Hence damping takes place when terms through the first order are retained. This agrees with the calculations made by Long using polynomial expansions. If one of the first three sets of boundary conditions holds (denoted as "supported end cases" in the following), the coefficient D2 can be obtained by multiplying Eq. (4) by F0, integrating from 0 to 1, and noting that Di = 0. Again, after integration by parts, this equation becomes
The term \lFtiF[ dx can be examined by noting that if F1 is written as the complex function F, = y + iv, the real and imaginary parts satisfy yIV ~ D20y = 0, The sign of the last term can be determined by multiplying Eq. (6) by v and integrating from 0 to 1. Subsequent integration by parts yields
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Now the minimum principle corresponding to Eq. (2) states that for all functions w satisfying suitable differentiability requirements and the boundary conditions, Do = min /J w"2 dx/Jlw2 dx. The function v is such an admissible function and hence the righthand side of (7) is always greater than or equal to zero. Therefore, -D0\lQF'a v dx x 0.
This remark and Eq. (5) In similar fashion, it is seen that there will be a critical velocity for the other supported end cases which can be found from the corresponding buckling problems. On the other hand, there is no critical velocity for the fixed-free case since the differential equation F!V + ku2F" = 0 has only trivial solutions for these boundary conditions [4] . For this case then, there is no special velocity u in the neighborhood of which a radical change in the analytic character of D can occur.
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The coefficient can be found by multiplying Eq. (9) by F" and integrating from 0 to 1. Integration by parts yields exponentially growing term as well as a damping term. AVith the exception of very special initial conditions, both terms will be present and the tube will be unstable. 4. Further remarks. It appears that the behavior of the higher order perturbation terms cannot be obtained as simply as those discussed above. These may require explicit determination of the function F0 , F, , F2 , ■ ■ ■ .It should be noted, however, that if F0 , • • ■ , F"_, have been found, D" can be determined by quadratures. Furthermore, the differential equation for F" will be of the form -Df,F" = previously determined functions.
The Green's function for this equation, in the case of simply supported ends is known [5] , and can be determined for the other boundary conditions by standard methods. Thus Fn can be found by integration.
These comments indicate that the perturbation terms can be computed step-by-step by quadratures.
Furthermore, in the supported end cases the critical velocity can be determined beforehand and perturbation from this point in powers of D will serve as a check on the perturbation solution in terms of powers of u.
